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Résumé. Ce travail est consacré au développement des modèles d’inférence bayésienne lorsque les
observations appartiennent à un espace de grande dimension ou de dimension infinie. En général, le
problème de la grande dimension a une influence majeure sur les performances des modèles. Pour y
remédier, nous considérons un processus gaussien de classification sur une variété (manifold). Cette
formulation présente plusieurs avantages : l’apprentissage du processus dans un espace fonctionnel plus
général et l’inclusion de certaines contraintes telles que la non-linéarité, la séparabilité, la réduction de
dimension, etc. Nous illustrons l’efficacité et la précision de notre modèle proposé pour classer des
images comme observations de grande dimension.

Mots-clés. Processus gaussien, inférence en grande dimension, apprentissage automatique, appren-
tissage sur une variété, classification d’images, données de grande dimension.

Abstract. One of the challenging regression problems consists of learning relevant and meaning-
ful relationships between high dimensional representations across a relatively few observed individuals.
Since this problem could have drastic effects on the classification performance, we propose a Bayesian
approach with a Gaussian process classifier. It is commonly known that methods based on Gaussian pro-
cess classifiers are mainly effective in the case of low and medium dimensions. On a mathematical basis,
given a finite set of observations X = {xi}Ni=1 and a covariance function c(., .), the most prominent
weakness of the standard Gaussian process inference is that it suffers from time complexity due to the
inversion and the determinant of the N ×N covariance matrix C. We propose to define and use a man-
ifold Gaussian process classifier’s formulation with the advantage of learning a classifier in the feature
space under some constraints: Nonlinearity, separability, dimensionality reduction, etc. We illustrate the
efficiency and the accuracy of our framework for classifying images of high-dimensional inputs.

Keywords. Gaussian process classifier, statistical machine learning, manifold learning, images clas-
sification, inference on high-dimensional data.

1 Introduction

There is currently a significant interest in statistical modeling and machine learning techniques with the
challenge of processing massive amounts of complex data (in the form of text documents, images, audio,
video, etc.). While significant recent progress has been made in the field of image classification, the
problem of high dimensional data remains particularly challenging. This occurs when the number of
covariates is relatively large or when the components are highly correlated. The number of equations is
consequently less than the number of unknown parameters, which could lead to an infinite number of
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solutions.
This article focuses on Gaussian process classifier (GPc) [1], a non-parametric statistical model, which
can be used in various scenarios. Each GPc is specified by a mean function, often taken as zero and a
covariance function that controls its smoothness. To handle the problem of high dimensional data, we
propose a novel framework, called manifold Gaussian process classifier (MGPc), which jointly learns
the data and the GPc on a feature (manifold) space. This formulation has the benefit to make it more
easy to deal with nonlinearity of data and to create separability in the feature space [2]. In this context,
the posterior distribution remains intractable since the likelihood function deviates from mathematically
convenient forms. To make the posterior proportionality tractable, the approximation of non-Gaussian
posterior distribution with a Gaussian one is explored. The proposed solutions are called manifold
Laplace approximation (MLA) and manifold expectation propagation (MEP). For the prediction part,
the Bayesian inference has proved its efficiency for optimizing the models’ parameters compared to
deterministic methods.

2 Background

This section presents tools and notations needed to develop our approach.

2.1 Notations

Let X and Y denote the input and the output space, respectively. We assume that we have N pairs of
independent observations: (xi, yi) ∈ X ×Y , i = 1, . . . , N distributed with the same law as (X, y) where
yi is the i-th observation of the response variable and xi is its associated covariate vector. In this work
we focus on the case where only two classes are discriminated, i.e. each output yi ∈ Y = {0, 1} for the
associated input xi ∈ X ⊆ Rp, i = 1, . . . , N . For more simplicity, we note the finite set of observations
by X = {xi}Ni=1 and y = {yi}Ni=1.

2.2 Weighted ridge logistic

We consider the problem of learning a probabilistic regression logistic model from the available obser-
vations {X,y} by fitting a vector of parameters β in order to better explain the relationship between X
and y. The quantity of interest is then the probability of y = 1 given X = x denoted by: πβ(x) = P(y =
1|X = x) = σ(xTβ) where σ refers to the sigmoid function. Basically inspired from ridge logistic [3],
the idea of weighted ridge logistic consists of considering the weighted sum between the unstructured
log-likelihood of logistic regression model: l(β) =

∑N
i=1 yixi

Tβ− log(1+exp(xi
Tβ)) and the l2 -norm

of unknown parameters β, giving the regularized likelihood: lλ(β) = (1−λ)
2 l(β)− λ

2 ||β||
2
2 for 0 ≤ λ ≤ 1.

Therefore, for a optimal choice of λ, the estimator βλ,∗ should optimize the log-likelihood compared to
the unstructured maximum likelihood estimator (MLE): β0,∗ (obtained for λ = 0). To get βλ,∗, We de-
velop a Taylor expansion of∇lλ(βk+1) at βk and use the iterative Newton-Raphson (or gradient-descent
alternatively) approach iteratively. For the rest, we assume that Y = {−1,+1}.
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3 The proposed Bayesian approach

In this section, we introduce our proposed MGPc, a nonparametric model effective especially when the
size of parameters vector is larger than the number of observations. Another reason for this choice is that
Bayesian inference gives more chance for convergence when adding a prior law to likelihood term.

3.1 Problem formulation

We first introduce a new latent function f : X → R. The GPc is based on placing a Gaussian process
prior over the latent function: f ∼ GP(0, c) where c is a covariance function. We consider a formulation
of the probability of class "+1" as: πf (x) = P(y = +1|f(x)) where this term usually refers to the
sigmoid σ(f(x)) or the probit Φ(f(x)). By abuse of notation, we note: f = (f1, . . . , fN ) = f(X). The
likelihood function is then the product of individual likelihoods: P(y|f) =

∏N
i=1 P(yi|fi) as well as the

posterior distribution is proportional to P(f |X,y) ∝ P(f |X)× P(y|f). Now, we present the MGPc and
we make connection to the standard GPc.

3.2 Manifold Gaussian process classifier

LetK be a positive real valued kernel defined onX×X with its corresponding reproducing kernel Hilbert
space (RKHS)HK . We assume that we have a partition of X with centers {cj}mj=1 and an empirical risk
functionE : Xm → R including data and regularization terms. Then, from the "representer theorem" [4]
yields: for Ψ̂ ∈ HK satisfying Ψ̂ = argminΨ∈HK

E(Ψ), Ψ̂ admits this representation

Ψ̂(.) =
m∑
j=1

αjK(., cj) (1)

In this work, {cj}mj=1 are supposed to be the centers obtained by the clustering method applied to X with
m << p. Consider the reproducing kernel feature map

φj : X → R
x 7→ K(x, cj)

(2)

As a consequence, Ψ̂(x) =
∑m

j=1 αjφj(x) ∈ F ⊆ Rm. Therefore, we define a MGPc M : F ⊆
Rm → R as a GPc f = M ◦ Ψ̂ : X ⊆ Rp → R depending on a modified covariance function
c̃(x, x′) = c(Ψ̂(x), Ψ̂(x′)), which operates on the feature space F . For the following, we recover Z =
(z1, . . . , zN ) = Ψ̂(X), M = (M1, . . . ,MN ) = M(Ψ̂(X)) and the transformed inputs Z = {zi}Ni=1.
The posterior proportionality becomes P(M|Z,y) ∝ P(M|Z)× P(y|M). The question that arises now
is how to find an explicit form to the last posterior proportionality distribution?

3.3 Manifold Laplace approximation

By Bayes rule, the log-posterior distribution is proportional to g(M) = logP(y|M) − 1
2M

T C̄−1M
where C̄ = c̃(X,X) is the N ×N covariance matrix. Note that g(.) is a concave function leading to a
unique global maximum. For MLA, we approximate the maximum a posteriori (MAP) denoted M̂ and
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obtained by maximizing the log-posterior distribution, i.e. M̂ = arg maxM P(M|Z,y). From a second
order Taylor series centered in M̂, we obtain a Gaussian approximation as

P̂(M|Z,y) = N (M|M̂,K−1) ∝ exp(−1

2
(M− M̂)TK(M− M̂)) (3)

where K = −∇2 logP(M|Z,y)|M=M̂ = W̄ + C̄−1 and W̄ is a N × N diagonal matrix with

W̄ii = −∂2 log σ(yiMi)
∂2Mi

= exp(Mi)
(1+exp(Mi))2

. We use the Newton-based method to find the MAP estima-

tor M̂ iteratively as: Mt+1 = (C̄−1 + W̄)−1(W̄Mt +∇P(y|Mt)). The predictive distribution for the
MLA at a test input z∗ = Ψ̂(x∗) is

P̂(M(z∗)|Z,y, z∗) =N (M(z∗)|µ(z∗), σ2(z∗)) (4)

µ(z∗) =C̄T
∗ C̄
−1M̂ (5)

σ2(z∗) =C̄∗∗ − C̄T
∗ (C̄ + W̄−1)−1C̄∗ (6)

where C̄∗∗ = c̃(x∗, x∗) and C̄∗ = c̃(X, x∗). Given the mean µ(z∗) and the variance σ2(z∗), we approx-
imate the predictor for y∗ = +1 as: π̄(z∗) ≈

∫
R σ(M∗)P̂(M∗|Z,y, z∗)dM∗.

3.4 Manifold expectation propagation

The key idea of MEP is to replace the likelihood terms: P(yi|Mi) = Φ(yiMi) by un-normalized Gaussian
distributions: L̃i×N (Mi|µ̃i, σ̃2

i ) since P(yi|Mi) is not a distribution on Mi. Based on local approxima-
tions, the posterior can be approximated by

P̂(M|Z,y) ∝ P(M|Z)×
N∏
i=1

L̃i ×N (Mi|µ̃i, σ̃2
i ) = N (M|µ,Σ) (7)

where µ̃ = (µ̃1, . . . , µ̃N ), Σ̃ = diag(σ̃2
1, . . . , σ̃

2
N ), µ = ΣΣ̃−1µ̃, and Σ = (C̄−1 + Σ̃−1)−1. The

moments of prediction are: µ(z∗) = C̄T
∗ (C̄+Σ̃)−1µ̃ and σ2(z∗) = C̄∗∗−C̄T

∗ (C̄+Σ̃)−1C̄∗. Therefore,
the approximate predictor for y∗ = +1 is

π̄(z∗) ≈
∫
R

Φ(M∗)P̂(M∗|Z,y, z∗)dM∗ = Φ(
C̄T
∗ (C̄ + Σ̃)−1µ̃√

1 + C̄∗∗ − C̄T
∗ (C̄ + Σ̃)−1C̄∗

) (8)

4 Application

We evaluate the performance and the efficiency of the proposed methods on a data base of 2042 images
of manufacturing defects (” + 1” defective and ” − 1” non-defective). We learn the model parameters
from a training set and use the rest for evaluation. The subdivision has been performed randomly 15
times and the accuracy rates are given as a mean. We consider the False Positives (FP: non-defective but
classified as defective), False Negatives (FN: defective but classified as non-defective) and Classification
Errors (CE). We also use the ROC curve to show the sensitivity and the specificity jointly. We compare
the MGPc against the regularization approach using two iterative algorithms: gradient and Newton.
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Results of logistic regression. The error rates of usual logistic regression are summarized in Table 1.
Accordingly, one can observe that gradient field as a representation of an image achieves the lowest error
with a significant margin. Consequently, we keep this feature for the rest of tests.
Results of weighted ridge logistic. From Figure 1 (left and middle) the Newton-based method outper-
forms gradient. This result is confirmed by the ROC curve of Newton-MLE weighted ridge in Figure 1

Error rates gradient Gabor binarization
FN 20% 51% 53%
FP 27% 47% 43%
CE 25% 48% 45%

Table 1: Classification accuracy using
Newton-MLE

Error rates MLA MEP
FN 11% 8.5%
FP 19% 10%
CE 17% 9.5%

Table 2: Classification ac-
curacy using MGPc

(right).
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Fig. 1: Errors as a function of regularization parameters (FP=upper values, FN=lower values
and CE=values in the middle) obtained by: Newton method (left) and gradient (middle). The
ROC curve of Newton is given on the right.

Results of MGPc. Table 2 summarizes results of the MGPc’s model. We can observe that both MLA
and MEP improve the specificity and sensibility with better results for MEP. The ROC curves of Figure 2
confirm that MEP has the most predictive power and generalization capability where FP is 8.5% and FN
is 10%.
For illustration, Figure 3 shows an example of the key steps to classify a new transformed input z∗ =
Ψ̂(x∗). We remark that, in this example with a test input (y∗ = −1), MEP has a better prediction
accuracy where π̄(z∗) = 0.33 for MLA and π̄(z∗) = 0.41 for MEP.

5 Conclusion

In this work, we have reformulated a real classification problem as a weighted ridge logistic with the
advantage of reducing the research space of optimal regularization parameters, eventually when the fea-
ture vectors are high dimensional and the number of samples is relatively small. We have also proposed
an efficient solution providing details of two Manifold-based inferences to build supervised Gaussian
process classifiers. Experiments have been conducted to classify images and have shown that proposed
methods were successful.
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Fig. 2: ROC curves for MLA (left) and MEP (right).
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Fig. 3: An illustration of key steps to classify a test input (y∗ =
−1) using MLA (left) and MEP (right).
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